Based on the plastic upper bound theorem, a three-dimensional kinematically admissible velocity field is constructed for the collapse of the soil masses above a shallow tunnel. In this field, this paper considers the influences of the roof stratification, pore water pressure, ground overload, and support pressure. is study deduced the upper bound solutions of the weight of the collapsed soil masses and the corresponding collapse surfaces by utilizing the nonlinear failure criterion, associated flow rule, and variation principle. Furthermore, we verified the validity of the proposed method in this paper by comparing this research with the existing work and numerical simulation results. is study obtains the influence laws of varying parameters on the area and weight of the collapsed soil masses. e results reveal that the area and weight of the collapsed soil masses increase with increasing support pressure and soil cohesion, but decrease with increasing thickness of the upper soil layer, nonlinear coefficient, pore water pressure, and ground overload. Among them, the roof stratification, pore water pressure, soil cohesion, and nonlinear coefficient have a significant influence on tunnel collapse, which should be given special consideration in engineering design.
Introduction
With the rapid development of the world economy and the wide application of advanced technology, the transportation industry has developed rapidly in recent years. e tunnel, due to its superiority, is widely used in underground engineering such as subways, highways, railways, and municipal engineering. Most tunnels are classified as rock tunnels and soil tunnels according to the strata they pass through or deep tunnels and shallow tunnels according to the burial depth. Shallow soil tunnels, due to thin overburden, low soil strength, and poor self-stability are very prone to ground collapse accidents under the influences of excavation disturbance, groundwater, and ground overload (as shown in Figure 1 ). ese accidents are a typical problem in stability control for surrounding soil masses of such tunnels [1, 2] .
Research related to the failure characteristics and stability control of shallow tunnels has become the focus of many scholars. Among various research methods, the upper bound method is a classical theoretical method. By constructing a kinematically admissible velocity field for tunnel failure, this method aims to resolve these failure problems by using the principle of balance between the internal energy dissipation power and external force power, which can effectively simplify complex engineering problems and achieve practical solutions, making it widely favored by scholars. For example, Leca and Dormieux [3] , Lee et al. [4] , Augarde et al. [5] , Zhang et al. [6] , and Khezri et al. [7] investigated the two-or three-dimensional stability of the tunnel face based on upper or lower bound theorems. ese studies considered the soil masses around the tunnel as traditional Mohr-Coulomb material. Fraldi and Guarracino [8, 9] introduced the nonlinear Hoek-Brown failure criterion into the limit analysis of tunnel collapse, obtained the upper bound solution of the collapse surface, and verified the validity of the upper bound method by using the numerical simulation technology. Also, Fraldi et al. [10] proposed a general characterization of tunnels depth based on the profundity of the excavation and on the variability of the rock mass parameters, and compared the stability of shallow tunnels, intermediate tunnels, and deep tunnels. On this basis, Yang et al. [11, 12] and Huang et al. [13] focused on the circular and rectangular shallow tunnels and constructed the two-dimensional roof failure mechanisms. en they obtained the upper bound solutions of the roof collapse surfaces of shallow tunnels with varying crosssection shapes and analyzed the influence laws of varying parameters on the collapse area. Huang and Yang [14] also introduced the effect of pore water into the collapse mechanism of a circular tunnel. Zhang et al. [15] compared the proposed collapse mechanism with the results of model tests. Wang et al. [16] proposed two kinds of collapse mechanisms for a shallow tunnel by considering the influence of the changing groundwater table and obtained the collapse surface equation and collapse area of the surrounding rock masses. Lyu and Zeng [17] investigated the collapse of shallow tunnels in inclined rock stratum. It should be noted that the Hoek-Brown failure criterion employed in the above research works may be more suitable for rock tunnels. As for soil tunnels, a failure criterion for the soil masses may be more suitable. Meanwhile, the documents mentioned above presumed that the tunnel collapse was a two-dimensional problem. However, in practical engineering, tunnel collapse should be a typical three-dimensional problem, as shown in Figure 1 . For example, Yang and Huang [18] , Huang et al. [19] , Qin et al. [20] , Soubra et al. [21] , and Guan et al. [22] employed the three-dimensional mechanisms to investigate the failure characteristic of tunnels or cavities. In addition, influenced by the sedimentary history of the strata, the strata also show prominent stratification characteristics. Unfortunately, at present, there is still a lack of relevant research on the three-dimensional collapse mechanism of shallow soil tunnels in the layered strata. Other factors like the pore water pressure and ground overload also have a direct impact on tunnel failure and stability. Yang et al. [23] [24] [25] as well as Qin et al. [26] [27] [28] [29] once incorporated the nonhomogeneous and stratified characteristics of the strata into their analysis of the roof collapse, which may provide a good theoretical basis for this paper; however, their research is only applicable to deep tunnels.
It is a crucial issue to correctly determine the area, weight of the collapsed soil masses, and the required support pressure to ensure the long-term safety of shallow soil tunnels. In this paper, we take the shallow soil tunnel in layered strata as the research object and construct a threedimensional kinematically admissible velocity field for roof collapse. We consider the joint influences of roof stratification, pore water pressure, ground overload, and support pressure. According to the nonlinear Mohr-Coulomb failure criterion, associated flow rule, and upper bound theorem, we deduce the analytical solutions of the weight of the collapsed soil masses and the corresponding collapse surfaces in the three-dimensional model. e research in this paper may provide theoretical guidance for tunnel support design and collapse warning in similar conditions.
Nonlinear Mohr-Coulomb Failure Criterion
At present, most researchers study geotechnical stability problems based on the linear Mohr-Coulomb (MC) failure criterion. However, the results of abundant indoor tests [30] [31] [32] show that the geomaterials show visible nonlinear characteristics in failure; that is, the strength envelope curves of the geomaterials should be nonlinear. In particular, the traditional MC failure criterion rarely accurately describes the mechanical properties of the geomaterials in the tensilestress zone, low-stress zone, and high-stress zone. To solve this problem, Yang [33] introduced a nonlinear MC failure criterion into the limit analysis theory and applied it widely in the stability analysis of the slopes, foundations, and tunnels. Accordingly, we also adopt this criterion in this paper to describe the failure characteristics of the soil masses around the tunnel. e expression is as follows:
where τ n and σ n refer to the shear stress and normal stress, respectively, on the failure surface; c 0 is the initial cohesion of the soil mass; σ t is the tensile strength of the soil mass; and m is the nonlinear coefficient related to soil properties. When m � 1 and c 0 /σ t � tan φ (φ is the internal friction angle), equation (1) can be converted into the expression of the traditional MC failure criterion. 
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Strata. Once the support types are improper or the support pressure is insufficient, the shallow tunnels, due to thin overburden, low soil strength, and poor self-stability are very prone to collapse under the unfavorable influences such as excavation disturbance, groundwater, and ground overload. Moreover, as can be seen in Figure 1 , we may find that the tunnel collapse area is three-dimensional in space, and the failure profile on the ground surface is approximately circular. Given this and by reference to the current theoretical and experimental research works , we construct a three-dimensional axisymmetric collapse mechanism for shallow soil tunnels in layered strata in the ultimate state, as shown in Figure 2 . In this mechanism, we consider the roof stratification characteristics and the influence of pore water pressure simultaneously.
In Figure 2 , the burial depth of the tunnel is H. A total of n soil layers are included from the ground surface to the tunnel vault, with the height of each layer ranging from h 1 , h 2 , to h n . e collapsed area of the lower soil layer is larger than that of the upper soil layer. e soil masses within the collapse area are an axisymmetric spatial body around the y-axis and move downward at velocity v. Meanwhile, the tunnel collapse is also subjected to the effects of ground overload σ s , support pressure q, and pore water pressure. e collapse surface is composed of n segments. In soil layer i, the expression of the collapse surface is f i (x, z); the corresponding curve expression in plane xoy is f i (x); and the fracture width is l i . Besides, the roof profile is assumed to be a plane and the corresponding expression in plane xoy is g(x) � H. We regarded the pore water pressure within the strata as the external force acting on soil particles, and the specific calculation process can refer to the proposed method by Viratjandr and Michalowski [34] .
Internal Energy Dissipation Power.
e soil masses in the collapse area are assumed to be an ideal rigid-plastic material, and the plastic failure only occurs at the detaching surfaces while the tunnel collapses. Meanwhile, the failure of the soil masses complies with the associated flow rule; that is, the plastic potential surface coincides with the yield surface. erefore, if the failure of tunnel soil masses meets the nonlinear MC failure criterion, the plastic potential function Q can be expressed by the yield function F as follows:
Potential theory [35, 36] is a commonly used theoretical method in elastic and plastic mechanics. e plastic potential theory can be expressed as follows:
where σ ij is the stress tensor; _ ε ij is the plastic strain rate tensor; _ λ is a plastic constant; and Q is the plastic potential function.
In soil layer i, the collapse surface is regarded as a velocity discontinuity surface of a certain thickness w i (i � 1, 2, 3 . . . , n). e plastic strain rate at this surface can be obtained as follows by substituting equation (2) into equation (3):
where m i , c 0i , and σ ti refer to the nonlinear coefficient, cohesion, and tensile strength of the soil mass in soil layer i, respectively. In combination with the geometric relationships in Figure 2 , the plastic strain rate at the collapse surface can also be expressed as follows:
e plastic strain rate in equation (4) is equated with that in equation (5), and the plastic constant in equation (3) can be obtained as follows:
Meanwhile, the normal stress on the velocity discontinuity surface in soil layer i can be expressed as follows:
In soil layer i, since the soil mass is an ideal rigid-plastic material, we may assume the soil mass within the collapse area and the surrounding static soil mass is rigid. en, the internal energy dissipation only occurs on the velocity discontinuity surface. e internal energy dissipation rate per unit volume on this surface should be equal to the sum of the normal stress and tangential stress multiplied by their corresponding plastic strain rates at any point. According to equations (1), (5) , and (7), it can be expressed as follows:
According to the geometric relationships in Figure 2 , equation (8) is integrated in [l i , l i+1 ] (i � 1, 2, 3, . . . , n) along the velocity discontinuity surface, and the obtained integrals are added along n layers. us, the internal energy dissipation rate corresponding to the whole three-dimensional mechanism can be obtained as follows:
3.3. External Force Power. In addition to the internal energy dissipation in Figure 2 , the external force power is also produced on the collapsed soil masses under the action of external forces such as self-weight, support pressure, ground overload, and pore water pressure. In particular, the gravity power of the collapsed soil masses above the tunnel can be expressed as follows:
where c i is the unit weight in any soil layer i and h i is the thickness of any soil layer i. e power of support pressure q can be expressed as follows:
e power of ground overload σ s can be expressed as follows:
e power of pore water pressure can be expressed as follows:
where c ui is the pore water pressure coefficient in any soil layer i.
Determination of ree-Dimensional Collapse Mode.
According to the internal energy dissipation rate obtained from equation (9) and the external force power obtained from equations (10)-(13), an objective function ξ can be constructed. Specifically, its value represents the total energy loss generated in the whole mechanism in Figure 2 , and it can be expressed as follows:
Soil layer 1 Figure 2 : ree-dimensional collapse mechanism of the shallow soil tunnel in layered strata.
In equation (14), the objective function ξ is a functional of f i (x) corresponding to all potential collapse curves. In particular, the curve f i (x) corresponding to the real collapse mechanism should minimize the energy loss generated by the whole failure mechanism. erefore, this is a typical variation problem. e following Euler-Lagrange equation can be utilized to solve this problem:
Equation (15) is substituted into equation (16) to obtain
en, f i ′ (x) can be obtained by integrating both sides of equation (17) as follows:
where A i is an undetermined constant for integration. e integral solving of equation (18) is very complex, and it is challenging to obtain its analytical solution. However, we note that the collapse process of the soil masses at the tunnel roof should be progressive. To be specific, the collapse starts from the lower soil layer and penetrates to the upper layer when the lower completely fractures. Similarly, the fracture of the soil mass inside a soil layer i also develops from bottom to top. When the internal fracture of the soil layer is formed in the lower part before penetrating the upper part, the failure of the soil mass is approximately identical with that in the homogeneous formation. Moreover, the collapse area of this layer is an axisymmetric body around the y-axis. us, according to the collapse characteristics in the homogeneous formation and the symmetry of the proposed mechanism in Figure 2 , we may assume the collapse curve f i (x) to meet f i ′ (x)| x�0 � 0 at point x � 0 by referring to the treatment method of Yang and Yao [23] . en, A i � 0 in equation (18) can be obtained, and equation (18) can be simplified as follows:
where
e following can be obtained by integrating equation (19) :
where B i is another undetermined constant, whose value can be solved according to the boundary conditions in Figure 2 . Accordingly, the expression of the three-dimensional axisymmetric collapse surface in Figure 2 can be obtained from equation (20) as follows:
can be obtained after substituting equations (19) and (20) into equation (15):
Furthermore, the following conditional equations can be built based on the geometric relationships in Figure 2 :
en equation (20) is substituted into equation (23) to obtain the following equations:
e undetermined constant B i can be obtained by simultaneous solving as follows:
Meanwhile, the following equations can also be obtained by simplifying equation (24):
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In order to further determine the collapse area of the soil masses above the shallow tunnel, it is necessary to determine n + 1 unknown parameters l 1 − l n+1 , but equation (26) contains only n equations. To solve this problem, we used the upper bound theorem to make the internal energy dissipation rate equal to the external force power; that is, the total energy loss ξ generated in the mechanism in Figure 2 is equal to zero. en, the following equation can be obtained after substituting equation (22) into equation (14):
According to this, the fracture width l 1 − l n+1 of the collapsed soil masses can be obtained by simultaneously solving equations (26) and (27) . en, the roof collapse area of the shallow soil tunnel in layered strata can be determined. Accordingly, the weight of the collapsed soil masses can be expressed as follows:
Discussion and Analysis
Comparison with Existing Research.
In combination with the existing research results, we determined that there must be a critical burial depth H c for deep and shallow tunnels. When the tunnel burial depth H < H c , the failure of the soil masses at the roof will penetrate the ground surface, which is the collapse mechanism proposed in this paper. On the contrary, when the burial depth H > H c , the failure of the soil masses will not penetrate the ground surface and the collapse arch may be formed inside the roof to resist the surrounding rock pressure from the soil masses above, thus presenting failure characteristics of the deep tunnel. For example, Yang and Yao [23] once adopted the nonlinear MC failure criterion to put forward the three-dimensional collapse mechanism of deep soil tunnels and investigated the influence laws of varying parameters on the collapse area of the tunnel roof. Accordingly, in order to verify the validity of the proposed method in this paper, we conduct the following comparison in this section based on the collapse characteristics of deep and shallow tunnels and Yang and Yao [23] . Specifically, as shown in Figure 2 , when the fracture width at the top of the collapsed soil masses is equal to zero, both sides of the collapsed surfaces intersect, thus forming a collapse arch within the roof surrounding soils. en, we can convert the mechanism proposed in this paper into that put forward by Yang and Yao [23] . Further, Table 1 lists the corresponding calculation results of the two mechanisms. As can be seen from Table 1 , when l 1 � 0, the calculation results in this paper are the same as those in Yang and Yao [23] and the corresponding two collapse mechanisms are consistent, thus verifying the validity of the proposed method in this paper.
Comparison with Numerical Simulation
Results. In this section, we employ the numerical simulation technique to further evaluate the validity of the proposed method in this paper. We construct the numerical model for a shallow rectangular tunnel in the commercial software program FLAC 3D , as shown in Figure 3 . e tunnel has a size of 5 m × 3 m and a buried depth of 5 m. e tunnel roof is stratified, and we consider four cases for 2-5 roof soil layers, respectively. However, the nonlinear MC failure criterion utilized in this paper is not embedded in the FLAC 3D , which may bring difficulties to the comparison between the upper bound solution and the numerical simulation results. To solve this problem, we employ the equivalent linear MC parameters in the numerical simulation process. Specifically, we set the nonlinear coefficient m in equation (1) equal to 1; then, we converted the nonlinear MC failure criterion into the traditional MC failure criterion. Table 2 lists the equivalent strength parameters when the tunnel roof is comprised of five soil layers. In the other three cases, the first set of parameters in Table 2 specifies the soil layers with an odd number and the second set of parameters in Table 2 specifies the soil layers with an even number.
After the equilibrium of initial geostatic stress in the numerical models, the tunnel is excavated. Figure 4 lists the contour of vertical displacement within the tunnel roof for varying stratification numbers. We show that the collapse displacement of the soils at the central area of the tunnel roof is maximum. e shape of the contour lines is approximately consistent with that of the proposed analytical approach in this paper. Also, the results of the upper bound solution can be effectively used to delineate the roof collapse region.
Effects of Roof Stratification and Pore Water Pressure on the Collapse Area.
In order to investigate the effects of roof stratification and pore water pressure on the collapse area, we take a rectangular tunnel with 2-5 roof soil layers as an example for discussion in this section. e tunnel burial depth is 5 m. e ground overload is 40 kPa. Figures 5 and 6 list the collapse surfaces for varying roof stratification numbers, pore water pressure coefficients, and thicknesses of soil layers. e adopted parameters in Layer 1, 3, 5 are as follows: σ s � 400 kPa, m 1 � 2.6, c 01 � 30 kPa, σ t1 � 50 kPa, and c 1 � 18 kN/m 3 . e adopted parameters in Layer 2, 4 are as follows: m 2 � 2.4, c 02 � 40 kPa, σ t2 � 60 kPa, and c 2 � 20 kN/m 3 .
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Effects of Soil Parameters, Support Pressure, and Ground
Overload on the Collapse Area. In order to further analyze the effects of other parameters such as the soil strength parameters, support pressure, and ground overload on the collapse area, we selected a rectangular tunnel with two roof soil layers for discussion in this section. Accordingly, we obtain the collapse surfaces corresponding to these factors, as shown in Figure 7 . Specifically, we set the parameters of the upper soil layer as follows: c 01 � 20 − 40 kPa, σ t1 � 40 − 60 kPa, c 1 � 15 − 21 kN/m 3 , and m 1 � 1.6 − 2.6, and those of the lower soil layer are set as follows: c 02 � 30 − 50 kPa, σ t2 � 50 − 70 kPa, c 2 � 17 − 23 kN/m 3 , and m 2 � 1.4 − 2.4. e support pressure ranges from 20-40 kPa. e ground overload ranges from 300-500 kPa.
As can be seen from Figure 7 , when other parameters remain constant, the collapse area of the tunnel roof increases with increasing cohesion and support pressure but decreases with increasing nonlinear coefficient, unit weight, and ground overload. Among them, the soil cohesion has the most significant influence on the collapse area. Moreover, the influence laws of varying parameters on the collapse area obtained in this paper are also consistent with the results of Yang and Yao [23] .
Effects of Varying Parameters on the Weight of the Collapsed Soil Masses.
e above shows that when we determine the collapse area above the tunnel, we can obtain the corresponding weight of the collapsed soil masses. In this section, we plot the influence curves of varying parameters on the weight of the collapsed soil masses when the tunnel burial depth ranges from 1 m to 6 m, as shown in Figure 8 . 
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As can be seen from Figure 8 , the weight of the collapsed soil masses increases with increasing tunnel burial depth. Especially when the burial depth is considerable, the collapse weight increases. When the burial depth is constant, the weight of the collapsed soil masses increases with increasing soil cohesion, unit weight, and support pressure, while it decreases with increasing thickness of the upper soil layer, pore water pressure coefficient, nonlinear coefficient, and ground overload. Among them, the soil cohesion has the most significant influence, which is consistent with the conclusion in Section 4.4. In particular, when the cohesion is large, the collapse weight increases significantly.
Suggestions for Engineering Design and Construction.
Based on the above analysis results, we obtained the influence laws of the roof stratification, pore water pressure, soil parameters, support pressure, and ground overload on the area and weight of the collapsed soil masses. e magnitude of the collapse area, to a certain extent, reflects the safety state of the tunnel roof. To ensure the safety of shallow soil tunnels in layered strata, we provide the following suggestions for engineering design and construction:
(1) e effects of the roof stratification and pore water pressure should be incorporated into the design of tunnel support, especially when the tunnels pass through layered strata or groundwater-developed strata. Only in this way, the support design for shallow soil tunnels may be more approximate to the practice.
(2) e soil cohesion is also a significant factor affecting tunnel collapse. e techniques such as advanced pipe grouting, bolt grouting, and others can be employed to reinforce the stratum and enhance the soil strength. Meanwhile, in the grouting process, the pore water pressure within the strata can also be effectively reduced. us, the grouting techniques are an effective way to improve the stability of shallow soil tunnels.
(3) In order to reduce the disadvantageous effect of the ground overload, all kinds of construction facilities on the ground surface should be removed in good time. Also, the vibration effect of the ground traffic on tunnel structures should be suppressed as far as possible. (4) For the shallow soil tunnels, the roof is a crucial position of deformation and failure, and the design of tunnel support should pay particular attention to it. Specifically, the roof support parameters should be reasonably optimized to ensure that the roof has sufficient supporting strength. en, the collapse accidents could be effectively avoided.
Conclusions
(1) Based on the upper bound theorem, we constructed a three-dimensional axisymmetric mechanism for the failure of the soil masses above a shallow soil tunnel in layered strata. Utilizing a nonlinear failure criterion derives the analytical solutions of the weight of the collapsed soil masses and the corresponding collapse surfaces. Furthermore, we obtained the influence laws of varying parameters on the collapse area and weight. We provide some suggestions for engineering design and construction. e results are consistent with the existing research and numerical simulation results, which verifies the validity of the proposed method and provides some theoretical guidance for support design and construction of shallow soil tunnels in layered strata. (2) e roof stratification and pore water pressure have a significant impact on the area and weight of the collapsed soil masses, which should not be neglected in engineering design. Specifically, the collapse area and weight tend to decrease continuously with increasing thickness of the upper soil layer and pore water pressure coefficient. (3) As the soil cohesion and support pressure increase, the area and weight of the collapsed soil masses increase gradually but decrease with increasing nonlinear coefficient and ground overload. Among them, the cohesion and nonlinear coefficient have a significant impact, which should be given special consideration in engineering design.
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